Local Term Weight Models from Power Transformations
Development of BM25IR: A Best Match Model based on Inverse Regression
Abstract–In this article we show how power transformations can be used as a common framework for the derivation of
local term weights. We found that under some parametric conditions, BM25 and inverse regression produce equivalent
results. As a special case of inverse regression, we show that the largest increment in term weight occurs when a term is
mentioned for the second time. A model based on inverse regression (BM25IR) is presented. Simulations suggest that
BM25IR works fairly well for different BM25 parametric conditions and document lengths.
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Introduction
The weight of a term i in a document j with an occurrence frequency
a local (

is computed by assigning

), global ( ), and normalization ( ) weight. Several models for doing this have been

proposed, some using a combination of assumptions, intuitions and experimental observations
(Chisholm &Kolda, 1999; Jones & Furnas, 1987; Lee, Chuang, & Seamons, 1997; MacFarlane,
2001; Robertson, 2004; Robertson & Walker, 1994; Robertson, Walker, Jones, Hancock-Beaulieu,
& Gatford, 1994; Robertson & Zaragoza, 2009; Salton & Buckley, 1987; Salton, Wong, & Yang,
1975; Salton & Yang, 1973; Sanderson & Ruthven, 1996).
However, no common framework is given for their systematic derivations. The purpose of this
article is to present such a framework based on power transformations. We show that many of the
local weights models found in the literature, and new ones, can be derived in this way.

Why Power Transformations
Typically there are three reasons for modifying a data set through power transformations:


To make the distribution of a data set closer to that of a normal distribution.



To linearize the relationships between variables.



To stabilize the variance.
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While it is true that word occurrences in documents have been modeled as belonging to
Poisson mixtures, it is also true that good keywords are far from Poisson (Church & Gale, 1995a;
1995b).
Although power transformations ensure that the assumption for linearity, normality, and
homoscedasticity hold, the main objective is to make inferences on the power transformation
parameter, even in cases where no power-transformation brings a distribution to normality (Li,
2005). It is in this context that power transformation methods are used in the present article.

Tukey and Box-Cox Power Transformations
The best known power transformation models are due to Tukey (1957) and Box & Cox (1964).

Tukey:
(1)

Box-Cox:
(2)

where

y is a numerical value
y* is a transformed value,
is a power parameter that can adopt any real value
is a positive constant typically used to offset any negative or zero y value.

These transformations are very effective when the data do not describe an inflection point
(Hossain, 2011; Steiger, 2009; Sakia, 1992). A comparative of these models is given in Table 1.
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Table 1. Common data transformation models .
Model

0

Conditi on

=0

Tukey

Box-Cox

The difference between the models is that for
normalize with

the scales. For

= 1 and

 0 Box-Cox’s model shifts by -1 and

= 0, Tukey’s model does not change the data, but

Box-Cox’s subtracts 1. This does not change the results, though.
For
dy*/d

= 0, both models return logs, but by different means: In the Tukey model, the derivative
at

= 0 is evaluated where in the Box-Cox model, the l’Hôpital’s Rule is applied. In both

cases the base of the logarithms does not matter.
Among others, the following transformations are obtained from both models by setting


quadratic (



linear (



square root (

= 0.5)



logarithmic (

= 0)



inverse square root (



inverse or reciprocal (



inverse quadratic (

= 2)

= 1)

= -0.5)
= -1)

= -2)

:
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Box-Cox Transformations in Information Retrieval
Nowadays Box-Cox transformations are preferred over Tukey’s. So it is not surprising to see these
applied in IR. For instance, Gerani, Zhai, & Crestani (2012) used the transformations in relevance
ranking work. Molina, Torres-Moreno, SanJuan, Sierra, & Rojas-Mora (2013) applied Box-Cox
transformations to low term frequencies. Lv & Zhai (2011) and Zhou (2014) have use these to
overcome problems associated to document lengths in BM25 models.
However, at the time of writing, these transformations have not been used as a framework for
systematically deriving local weights. This is precisely the purpose of the present article.

Derivation of Local Weight Models
Some of the models derived below are discussed by Chisholm & Kolda (1999) and in a previous
tutorial (Garcia, 2016). For consistency sake with those reports, we adopt the following
conventions. y* is replaced with

, y with

,

with p,

with k, and ln with log where log are

base 2 logarithms, although the base used does not really matter. Table 2 lists the models derived
from Tukey and Box-Cox power transformations for p = 2, 1, ½, 0, -1/2, -1, and -2 where k > 0.

Table 2. Local Term Weight Models Derived with (1) and (2)
p
2
1
1/2
0

-1/2

-1

-2

Tukey Transformations, (1)

Box-Cox Transformations, (2)
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Derivation of Local Weight Models
A close look at Table 2 reveals that for f i,j + k = 1 and p  0, Tukey’s model returns
whereas for f i,j + k = 1 and any value of p, Box-Cox’s model returns

. Other combinations

of p and k produce more interesting solutions.
For instance, the following term weight models (Chisholm & Kolda, 1999; Garcia, 2016) are
derived from Table 2 after some slight modifications.


FREQ Model,

. Derivable with

o Tukey’s, by setting p = 1 and k = 0.
o Box-Cox’s , by setting p = k = 1.


SQRT Model,

. Derivable with

o Tukey’s, by setting p = ½, k = -½, and adding 1.


LOGA Model,

. Derivable with

o Tukey’s and Box-Cox’s, by setting p = k = 0 and adding 1.


LOGN Model,

. Derivable with

o Tukey’s and Box-Cox’s, by setting p = k = 0, adding 1, and normalizing the scale by
dividing by


LOGLN Model,

. Derivable with

o Tukey’s and Box-Cox’s by setting p = 0, k = 1, and normalizing the scale by
dividing by


LOGG Model,

.
. Derivable with

o Tukey’s and Box-Cox’s, by setting p = 0, k = 1, multiplying by 0.8 and adding 0.2

In the next sections we show that local weight components of Best Match (BM) algorithms can
be derived from Box-Cox transformations. For some specific parametric conditions, Best Match
(BM) algorithms and inverse regression produce equivalent results.
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BM Term Weight Components
The local term weight component of BM25 is defined as

(3)

where

= document length of document j
avedl = average document length
= attenuation factor
= document length normalization function
b = normalization parameter

and where

is a scaling factor.

For b = 1 which is the case of full document length normalization, a BM25 local weight
reduces to a BM11 weight,

(4)

and to a BM15 weight for b = 0, corresponding to zero document length normalization,

(5)

Without loss of generality, for documents of average length
weight components of BM11, BM15, and BM25 are the same.

,

, and

the local
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BM as an Inverse Regression Solution
In general, the relationship between

and

can be traced back to a precursor formula of the

general form

for some k > 0

(6)

where (6) has been described as an approximation of a mixture of two Poisson distributions; i.e. as
an approximation of a 2-Poisson Model (Robertson & Walker, 1994; Baayen, 1993; Church &
Gale, 1995; Rennie, 2005; Ogura, Amano, & Kondo, 2013).
Revisiting Table 2, the Box-Cox transformation for p = -1 gives

(7)

which is the same as applying the inverse regression, sometimes called “reciprocal” transformation
(Penn State, 2016),

(8)

where

(8) describes an inverse regression curve that is increasing asymptotic for
decreasing asymptotic for
formal BM25 model k is

and

. Clearly for k = 1, (6) and (7) return the same results. Since in the
, then for K = 1,

.
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Conceptual Differences between (6) and (7)
Figure 1 shows several conceptual differences between (6) and (7) for other values of k. As we can
see, the k parameter controls the rate of increase of (6) and (7), though in opposite fashions.
Evidently, adding the

L

term of (7) to (6) transforms (a) into (b).
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(a) 2-Poisson approxi mation, (6)

(b) Box-Cox (inverse regression), (7)

Figure 1. Profile curves for (a) 2-Poisson approximation and (b) Box-Cox transformati on (p = -1).

From Figure 1, in (a) varying k from k = 0 to k = 10, changes the weighting behavior of (6)
from binary,

, to almost linear. For high k’s increments in

continue to

contribute significantly to the local weights, whereas for low k’s the additional contribution of a
newly observed occurrence quickly reaches a saturation point.
A different scenario is observed in (b) with (7). For high k’s, additional increments in
quickly reaches a saturation regime. By contrast for low k’s, the newly observed occurrences
contribute notably to the local weights and far more than in (a). For roughly k > 0.4, (7) agrees with
(6) in that the largest probabilistic evidence of eliteness occurs when a term is mentioned for the
very first time (Robertson, 2004). More precise calculations give k = 0.42 as the critical mark.
Below this mark, (b) reveals that the largest weight increment and evidence of eliteness occurs
when a term is mentioned for the second time.
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Finally for k = 0, (7) returns

for

. This can be used to model the experimental

conditions wherein one wants to reduce recall by ignoring index terms mentioned only once,
effectively reducing an index term vocabulary. Alternatively, this extreme scenario can be avoided
by adding a positive value to the scale of

values or by setting k to a value slightly above zero,

like k  0.01.

A Proposed BM25 Model based on Inverse Regression
Several authors have reported reasonably good results with BM25 implementations where


0.5 < b < 0.8 and 1.2 < k1 < 2 (BM25 classic, Robertson & Zaragoza, 2009)



0.3 < b < 0.6 and 1 < k1 < 2 (BM25L, Lv & Zhai, 2011)

It appears from those settings that fair enough results are obtained with

(9)

Therefore, in this section we investigate what would be the expected profile curves in (7) by setting
for different values of (9), more specifically for

.

Replacing k with K leads to a BM25 weighting scheme modeled by inverse regression and that
we might refer to as the Inverse Regression BM25 model or BM25IR.

(10)

Figure 2 (a), (b), and (c) shows that any combination of parameters that lead to high K’s
reduces the rate of increase of (10) for a given
average,
lengths.

, (b) short,

. The figure corresponds to documents of (a)

, and (c) long,

, lengths relative to the average
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Figure 2. BM25IR profile curves for different values of

for any values of b and

7
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(b)

In (a),
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so we only show curves for

.

and

. In (b) all combinations of these parameters produce acceptable results. As expected,
for K > 0.40, the largest evidence of eliteness occurs when a term is mentioned for the first time.
However, below this mark (in this case for K = 0.28), the largest evidence occurs when a term is
mentioned for the second time.
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In (c), the increment in weight is more discernible for low values of K, in this case for K =
3.17. Thus in BM25IR, keeping K low works better for the long documents considered. A
comparison between (b) and (c) suggests that in BM25IR b = 0.3 and k 1 =1 works fairly well for
short and long documents, at least for the relative length considered.
Finally, for completeness and to conform BM25IR to typical BM25 schemes we may restore
the scaling factor

, although this is not really necessary; i.e.

(11)

where for K = 1, BM25IR and BM25 are the same. Thus, for values of K near 1, the two models
should give similar, though not identical, acceptable results.

Conclusion
Power transformations can be used as a common framework for the systematic derivation of local
term weight models. We have shown through Box-Cox transformations that for p = -1 and k = 1,
Best Match algorithms and inverse (reciprocal) regression produce equivalent results.
BM algorithms are based on the notion that the first occurrence of a query term in a document
is more important than other occurrences by giving the most probabilistic evidence of eliteness.
Inverse regression agrees with this assertion for k > 0.41. For 0 < k < 0.42, however, inverse
regression shows that the largest increment in weight and evidence of eliteness occurs when a term
is mentioned for the second time.
As a result of combining BM with our inverse regression approach, we propose a new model,
BM25IR, that preliminary results suggest it should work for different BM25 parametric conditions.

12

References
Baayen, H. (1993). Statistical Models for Word Frequency Distributions: A Linguistic Evaluation.
Computers and the Humanities 26: 347-363. Retrieved from
https://www.jstor.org/stable/30204630?seq=1#page_scan_tab_contents

Box, G. E. P. & Cox, D. R. (1964). An Analysis of Transformations. Retrieved from
http://pegasus.cc.ucf.edu/~lni/sta6236/BoxCox1964.pdf

Chisholm, E. and Kolda, T. G. (1999). New Term Weighting Formulas for the Vector Space
Method in Information Retrieval. Oak Ridge National Laboratory. Retrieved from
http://www.sandia.gov/~tgkolda/pubs/pubfiles/ornl-tm-13756.pdf

Church, K. and Gale, W. (1995a). Poisson Mixtures. Journal of Natural Language Engineering.
1(2), 163-190 (1995). Retrieved from
ftp://ftp.cis.upenn.edu/pub/datamining/public_html/ReadingGroup/papers/church-poisson.pdf

Church, K. W. and Gale, W. A. (1995b). Inverse Document Frequency (IDF): A Measure of
Deviation from Poisson. Proceedings of the Third Workshop on Very Large Corpora, pp. 121-130.
See also ACL Anthology. Retrieved from
https://www.aclweb.org/anthology/W/W95/W95-0110.pdf

Crestani, F., Sanderson, M., Ruthven, M. I., and Rijsbergen, C. J. (1995). The troubles with using a
logical model of IR on a large collection of documents. Proceedings of the 4th TREC conference
(TREC-4). NIST, Pages 509-526. Retrieved from
http://marksanderson.org/publications/my_papers/TREC-4-Notebook.pdf

Garcia, E. (2016). An Introduction to Local Weight Models. Retrieved from
http://www.minerazzi.com/tutorials/term-vector-4.pdf

13
Gerani, S., Zhai, C. X., and Crestani, F. (2012). Score Transformations in Linear Combination for
Multi-criteria Relevance Ranking. Advances in Information Retrieval: 34th European Conference
on IR Research, ECIR 2012. Retrieved from
https://books.google.com.pr/books?id=9oJO2cP3F9wC&pg=PA263&lpg=PA263&dq=boxcox+information+retrieval&source=bl&ots=eHbThL5Gd&sig=fje2dAW3Je0tASbFJt5o7WTtczg&hl=en&sa=X&ved=0ahUKEwjgs4qUkoDOAhVL
Fx4KHYvVBu4Q6AEIHjAA#v=onepage&q=box-cox%20information%20retrieval&f=false

Hossain, M. Z. (2011). The Use of Box-Cox Transformation Technique in Economic and Statistical
Analyses. Journal of Emerging Trends in Economics and Management Sciences, 2 (1), 32-39.
Retrieved from
http://jetems.scholarlinkresearch.com/articles/The%20Use%20of%20BoxCox%20Transformation%20Technique%20in%20Economic%20and%20Statistical%20Analyses.p
df

Jones, W. P. and Furnas, G. W. (1987). Pictures of Relevance: A Geometric Analysis of Similarity
Measures. JASIS, 38(6), 420-442. Retrieved from
http://furnas.people.si.umich.edu/Papers/PicturesOfRelevance.pdf

Lee, D. L., Chuang, H., and Seamons (1997). Document Ranking and the Vector-Space Model.
IEEE March/April, pp 67-75. Retrieved from
http://www.cs.ust.hk/faculty/dlee/Papers/ir/ieee-sw-rank.pdf

Li, P. (2005). Box-Cox Transformations: An Overview. Retrieved from
http://www.ime.usp.br/~abe/lista/pdfm9cJKUmFZp.pdf

Lv, Y. and Zhai, C. (2011). When Documents are Very Long, BM25 Fails! SIGIR 11, July 24–28,
2011, Beijing, China. ACM 978-1-4503-0757-4/11/07. Retrieved from
http://sifaka.cs.uiuc.edu/~ylv2/pub/sigir11-bm25l.pdf

14
MacFarlane, A. (2001). Okapi-Pack. Centre for Interactive Systems Research. City University,
London. Retrieved from
http://www.staff.city.ac.uk/~andym/OKAPI-PACK/appendix-j.html#bm25

Molina, A., Torres-Moreno, J., SanJuan, E., Sierra, G., and Rojas-Mora, J. (2013). Analysis and
Transformation of Textual Energy Distribution. Retrieved from
https://www.researchgate.net/publication/261237467_Analysis_and_Transformation_of_Textual_E
nergy_Distribution

Ogura, H, Amano, J., and Kondo, M. (2013). Gamma-Poisson Distribution Model for Text
Categorization. ISRN Artificial Intelligence. Volume 2013 (2013), Article ID 829630, 17 pages
http://dx.doi.org/10.1155/2013/829630. Retrieved from
http://www.hindawi.com/journals/isrn/2013/829630/
Penn State (2016). Regression Methods 9.4 – Other Data Transformations. Stat 501. Pennsylvania
State University, Eberly College of Science. Retrieved from
https://onlinecourses.science.psu.edu/stat501/node/322

Rennie, J. D. M. (2005). A Better Model for Term Frequencies. Retrieved from
http://qwone.com/~jason/writing/logLog.pdf

Robertson, S. E. (2004). Understanding Inverse Document Frequency: On theoretical arguments
for IDF. Journal of Documentation, 60, 5, 503-520. Retrieved from
http://nlp.cs.swarthmore.edu/~richardw/papers/robertson2004-understanding.pdf

Robertson, S. E. and Walker, S. (1994). Some Simple Effective Approximations to the 2–Poisson
Model for Probabilistic Weighted Retrieval. SIGIR 94: Proceedings of the 17th Annual
International ACM SIGIR Conference on Research and Development in Information
Retrieval, Springer-Verlag, 1994 (pp 345–354). Retrieved from
http://www.staff.city.ac.uk/~sb317/papers/robertson_walker_sigir94.pdf

15

Robertson, S. E., Walker, S., Jones, S., Hancock-Beaulieu, M. M., & Gatford, M. (1994). Okapi at
TREC 3. Retrieved from
http://www.computing.dcu.ie/~gjones/Teaching/CA437/city.pdf

Robertson, S. E., & Zaragoza, H. (2009). The Probabilistic Releva nce Framework: BM25 and
Beyond. Foundations and Trends in Information Retrieval, Vol. 3, No. 4 (2009) 333–389.
Retrieved from
http://www.staff.city.ac.uk/~sb317/papers/foundations_bm25_review.pdf

Sakia, R. M. (1992). The Box-Cox Transformation Technique: A Review
Journal of the Royal Statistical Society. Series D (The Statistician). Vol. 41, No. 2, pp. 169-178.
Retrieved from
http://wenku.baidu.com/view/3ba85c7e1711cc7931b716c0.html See also
https://www.pdffiller.com/en/project/58688082.htm?form_id=100299353

Salton, G. and Buckley, C. (1987). Term Weighting Approaches in Automatic Text Retrieval.87881. Cornell University. Retrieved from
https://ecommons.cornell.edu/bitstream/handle/1813/6721/87-881.pdf?sequence=1&isAllowed=y

Salton, G., Wong, A., and Yang, C. S. (1975). A Vector Space Model for Automatic Indexing.
Communications of the ACM 18 (11): 613. Retrieved from
http://elib.ict.nsc.ru/jspui/bitstream/ICT/1230/1/soltan_10.1.1.107.7453.pdf
see also http://www.bibsonomy.org/bibtex/10a4c67f15a4869634d8e5e39ba3e7113

Salton, G. and Yang, C. S. (1973). On the Specification of Term Values in Automatic Indexing. TR
73-173, Cornell University. Retrieved from
https://ecommons.cornell.edu/bitstream/handle/1813/6016/73-173.pdf?sequence=1&isAllowed=y

16
Sanderson, M. and Ruthven, I. (1996). Report on the Glasgow IR group (glair4) submission.
Proceedings of the 5th TREC conference (TREC-5). NIST, Pages 517-520. Retrieved from
http://marksanderson.org/publications/my_papers/TREC-5_report.pdf

Steiger, J. H. (2009). Retrieved from
http://www.statpower.net/Content/313/Lecture%20Notes/Transformation.pdf

Tukey, J. W. (1957). On the Comparative Anatomy of Transformations. Retrieved from
http://projecteuclid.org/download/pdf_1/euclid.aoms/1177706875

Zhou, X. (2014). Statistical Modeling to Information Retrieval for Searching from Big Text Data
and Higher Order Inference for Reliability. Ph.D. Thesis. Retrieved from
http://yorkspace.library.yorku.ca/xmlui/bitstream/handle/10315/28237/Zhou_Xiaofeng_2014_PhD.
pdf

