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Introduction 

The purpose of this article is to demonstrate the nonadditivity of correlation coefficients.  

As there are many types of correlations, the discussion is limited to Pearson product-moment 

correlation coefficient, rp, and Spearman rank-order correlation coefficient, rs. The following 

conventions are used: 

 k is the number of samples. 

 n is the sample size or number of paired observations (x, y) in a sample. 

  is the number of degrees of freedom, where  = n - 1. 

 x is an independent variable,    its mean, and sx its standard deviation. 

 y is a dependent variable,    its mean, and sy its standard deviation. 

 d  is the difference between any two paired variables; i.e., d = x – y. 

 r stands for a correlation coefficient which depending on context refers to rp or rs. 

 rp  is Pearson’s product-moment correlation coefficient rp. 

 rs is Spearman’s rank-order correlation coefficient.  

    is the intercept of a simple linear regression model.  

    is the slope of a simple linear regression model. 
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Discussion 

Densities, standard deviations, sines, cosines, tangents, and slopes are not additive because in each 

case the results are not new densities, standard deviations, sines, cosines, tangents, and slopes. In 

general, dissimilar ratios and intensive properties are not additive. By contrast, lengths, areas, 

variances, covariances, and angles are additive because in each case the results are new lengths, 

areas, variances, covariances, and angles.  

Quantities that are not additive cannot be subtracted or averaged in the arithmetic sense either. 

For instance, let            and           . From the cosine addition rule, 
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The results from (1) to (4) are not new cosines. This conclusion also holds for Pearson’s 

Correlation Coefficient rp. For the sake of clarity, we can drop the subscript so r refers to rp. 

 

Pearson’s r Defined 

Pearson’s r is a parametric or distribution-dependent statistic. It is defined as the ratio of the 

covariance (cov) between two variables, normalized by their standard deviations. 
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In the numerator of (5), averages are subtracted from raw scores, and the sum of cross-products 

accumulated. In the denominator, variable scales are adjusted to have equal units, relative to the 
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sample distribution and degrees of freedom in question (Rodgers & Nicewander, 1988). Thus, if 

we try to average over k number of samples each with their own statistics, degrees of freedom, and 

normalized scales 
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we actually end up adding dissimilar ratios.  

Obviously, correlations are nonadditive in nature, but where does this nature come from? 

Mean-centering the variables provides us with an incontrovertible answer. 

 

Pearson’s r from Mean-Centered Variables 

Mean-centered variables are obtained by subtracting their arithmetic means  
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so new means,     and    , vanish.  

In the same way that mean-centering does nothing for moderated multiple regression 

(Echambadi & Hess, 2007), here it does nothing to r, but merely removes variable fluctuations 

around their means. 

 

Thus, applying (7) and (8) to (5),  
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A closer look at (9) shows that this is the same expression that one will obtain from the cosine 

of the angle between two vectors, with the numerator representing a dot product and the 

denominator a product of vector magnitudes.  
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Thus, mean-centering unveils Pearson’s r latent meaning and nature: it is a cosine and cosines 

are not additive.  

 

                                (10) 

 

The implications of this finding are many. For instance, in the context of Information Retrieval 

(IR), (9) and (10) define the resemblance measure known as the cosine similarity between two 

vectors. Therefore by referencing (10), we can also state that a cosine similarity computed from 

mean-centered variables is a correlation coefficient. Accordingly, it is not possible to arithmetically 

add, subtract, or average cosine similarities. 

These findings are not limited to IR. Consider Hunter-Schmidt’s meta-analysis model (Hunter 

& Schmidt, 2000; Schmidt, Oh, & Hayes; 2009). In this model average effect sizes are commonly 

expressed as a weighted mean r of the form          
 
    

 
   where k is the number of r’s. If a 

constant sample size is used the model returns an arithmetic mean value! Since correlations are not 

additive, this is a flaw in the model and the results can be challenged. Said flaw can be 

compounded if we are dealing with negative and positive correlations. As noted by Field (2003), 

 

“For example, imagine we tested the efficacy of a powder (‘Stat-Whizz’) that could magically make you good at 

statistics. A trial in the USA found an effect size of .45, a replication in Belg ium found an effect size of 0, and a 

further replication in the UK yielded an effect size of -.45. If we assume that these studies had equal sample sizes 

and so were equally weighted in the meta-analysis, then the resulting average effect size would be 0—there would 

be a non significant effect. Readers of such a meta-analysis might conclude, therefore, that Stat-Whizz was an 

ineffective drug. Of course, this conclusion is wrong: the drug worked in the USA, didn’t work in Belgium and had 

a negative effect in the UK. As such, the issue of interest is not so much the overall effect of the drug, but at what 

levels the drug works: the fact that the drug doesn’t work on the English is of little interest to all of the Americans 

for whom the drug is effective!” 

 

Although this example is based on a fallacy (i.e., that we can add together correlations), by 

measuring effect sizes as correlations and equally weighting these, the weighted average was 

reduced to an arithmetic average that did not describe the efficacy o f the drug. Although Field did 

not use that example to make a point about the nonadditivity of correlations, “but at what levels the 

drug works”, he ended up raising additional reasons for not arbitrarily adding correlations. The 

undisputed fact remains that adding correlations is a bad practice.  
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Pearson’s r from Simple Linear Regression Coefficients 

As noted by Rodger & Nicewander (1988), if a study reports the results of a simple linear 

regression model with intercept    and slope    as 

 

                                  (11) 

 

a correlation coefficient can be calculated from the square root of the coefficient of determination 

of the model, r2, or from the product between the regression slope,    , and the ratio of standard 

deviations, 
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where      for sx   sy. If we try to average 
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and we end up averaging products from dissimilar regression equations.  

 Now that we have demonstrated the nonadditivity of Pearson’s r, let’s examine if the same 

holds for Spearman’s rs. 

 

Spearman Rank-Order Correlation Coefficient, rs 

A Spearman rank-order correlation coefficient, rs, is a non-parametric or distribution-free statistic. 

If there are no ties, rs is computed as 
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where di = xi − yi, and xi  and yi  are ranks. If there are ties, one can assign the average to each of 

the equal ranks. The presence of ties tends to lower the    
  

  term increasing rs, but this effect is 
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small unless there are a large number of ties. In said case, Kendall tau-b is recommended over rs 

(Kendall, 1938).  In any event, if we try to average Spearman rs’s using 

 

       
 

 
      

 

           
     

  
         

  
          

  
           (15) 

 

we end up adding the square of rank differences from dissimilar samples.  

Expanding the summation terms in (15) reveals that the cases of within sample and between 

samples ties are likely to increase. Therefore the presence of ties makes the use of (15) utterly 

questionable. In Part 3 of this tutorial we show why (14) and (15) should be avoided altogether.  

 

Computing Spearman Rank Correlation as a Pearson’s r 

If there are no ties, sx = sy so sy/sx = 1, and rs can be computed as a Pearson coefficient from either 

the coefficient of determination or slope,   , of the regression equation. This is shown in Figure 1 

where the course preferences of two students are examined. 

 

Courses 
Student A 

Rank 

Student B 

Rank 
d d

2
 

Chemistry 1 2 -1 1 

Computers 2 1 1 1 

Mathematics 3 4 -1 1 

Statistics 4 3 1 1 

Genetics 5 7 -2 4 

History 6 6 0 0 

Music 7 5 2 4 

sum 28 28 0 12 

std. dev. sx = 2.1602 sy = 2.1602 
  

Spearman's rs 0.7857 
   

Pearson's r 0.7857 
   

   0.7857 
   

   
 0.7857 

   
 

 

 

Figure 1. rs computed as r.  
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In Figure 1, rs was computed with (5), (12), and (14), and from the coefficient of 

determination, r  =     .  Since computing the slope,   , of a straight line is the same as computing 

its tangent 
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averaging over k numbers of rs in this case is the same as averaging over several tangents, 
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But (17) is not possible because, like slopes, tangents are not additive; i.e. 

 

                                                      (18) 

  

Thus, the sum of two or more tangents is not a new tangent. We must conclude that rs’s are not 

additive. 

 

Conclusion 

We have demonstrated why it is not possible to arithmetically add, subtract, or average Pearson or 

Spearman correlation coefficients.  

Over the years several workarounds and weighting strategies have been proposed for reporting 

some forms of averages, most notoriously using Fisher’s Z Transformations (Fisher, 1915; 1921). 

These are discussed in Part 2 of this series. The arbitrary implementation of these transformations 

will be refuted. 

In the case of Spearman’s rs, we will show that these posses an inherent bias that depends of 

the population correlation and its sample size, n. This bias does not vanish even when n becomes 

infinite, increases when n decreases, and makes additions even more questionable.  
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